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A Strain-Based Fatigue Reliability 
Analysis Method 
A new fatigue reliability technique has been developed using a strain-based analysis. A 
probabilistic strain-life curve, where the variability in cycles to failure at constant strain 
range has been modeled with a three-parameter Weibull distribution, has been 
incorporated into the strain-based fatigue analysis. This formulation, which includes a 
notch strain analysis, rainflpw cycle counting and damage accumulation according to 
Miner's rule, is used to estimate fatigue life to crack initiation for notched components 
using smooth specimen laboratory data. Unlike other probabilistic fatigue models, the 
technique developed here does not include a distribution model for stress peaks such as 
the commonly-used stationary narrow band Gaussian random process assumption but 
rather uses strain histories directly. Using this model, techniques have been developed to 
estimate the number of cycles to failure at a specified reliability and to predict the 
reliability and failure rate at a specified time in the analysis. 
Introduction 
The fatigue reliability problem for a metal may be stated 
as follows: "Given a load history acting on the metal compo-
nent and given the stress or strain response, relevant dimen-
sional characteristics and material properties, estimate the 
probability that the component has not reached the specified 
limit state in fatigue up to a given time." The limit state may 
be complete fracture of the part, appearance of a crack of 
given dimensions or the propagation of an existing crack 
from some initial length to some critical length. 
This paper presents a fatigue reliability analysis that is 
based on the familiar cyclic strain fatigue technique com-
bined with a Weibull-distributed strain-life relationship. The 
goal of the investigation was to establish a procedure for 
estimating the reliability of a metal component given a strain 
history representative of its operational environment and 
given a model of the experimentally-observed scatter in 
smooth specimen fatigue tests. Efficient methods are pre-
sented for estimating the number of cycles to failure at a 
specified reliability and estimating the reliability and failure 
rate functions at a specified time in the analysis. 
Probabilistic fatigue analyses have typically made the ini-
tial assumption that the stress history acting on a component 
can be described by a Gaussian random process. Miles (1954) 
was the first to suggest this approach, using a S-N curve and 
Miner's rule to estimate the expected value of damage (in the 
Miner sense) at a given number of stress cycles. Many investi-
gators have since extended Miles' analysis to compute the 
variance of damage (Crandall et al., 1962), to construct a 
probability density function for the number of cycles to 
failure (Lambert, 1976), include Weibull-distributed stress 
peaks (Nolte and Hansford, 1976) and to model the stress 
history as the combination of two different Gaussian pro-
cesses (Jiao and Moan, 1990). A recent attempt (Baldwin and 
Thacker, 1993) to establish the validity of the Gaussian 
random process assumption for a dynamically loaded struc-
ture demonstrated, however, that such a process is not clearly 
indicated in practice. The analysis presented here assumes 
that the deterministic input strain history is representative of 
the actual operating environment. 
Another element that appears frequently in the probabilis-
tic fatigue literature is the use of an elastic, stress-based S-N 
fatigue model. The current effort has made use of the strain-
based fatigue model that provides a way to account for cyclic 
plasticity in the root of a notch. The strain-based analysis has 
been shown (Dowling et al., 1977; Landgraf et al., 1977) to be 
reasonably accurate at predicting the appearance of a small 
crack in a notched specimen. 
Wirsching et al. (1991) used the strain-based analysis with 
the strain-life curve parameters af and e'j- taken to be 
lognormally distributed and the acting load taken to be 
constant amplitude. In this study, the strain-life curve has 
deterministic parameters and a probability distribution for 
the number of cycles to failure has been constructed and 
incorporated into the analysis. The use here of strain-based 
fatigue techniques to predict the reliability of a component 
under highly variable loading will be the first demonstration 
of such a computation. Techniques have been developed to 
estimate the number of strain cycles to failure at a given 
reliability level and to estimate the failure rate at a given 
number of strain cycles. 
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Fatigue Reliability Analysis 
In this section, a new procedure for estimating fatigue 
reliability will be developed. Instead of introducing the stress 
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peak value as a random variable (e.g., a Gaussian stress 
process), a deterministic strain-based fatigue analysis tech-
nique will be extended to include a probabilistic model of the 
observed variability in number of cycles to failure at a con-
stant load level. Because no probability statement will be 
made about the strain history, the fatigue life estimates are 
strictly applicable only for the strain history under analysis. 
However, if it can be argued that the strain history is repre-
sentative of those observed in service, we can have some 
confidence that the statistical nature of the strain history has 
been captured. 
The primary assumption involved in the strain-based fa-
tigue model is that the appearance of a crack in a component 
can be related to the fracture of a small specimen in a fatigue 
test. 
When a metal specimen is loaded such that plastic defor-
mation develops, we must use a constitutive relationship that 
reflects this fact. The linear elastic stress-strain relationship, 
(7 = Ee, is inadequate in the situation where plastic strains 
are present. In contrast to a monotonic stress-strain relation-
ship, a cyclic stress-strain expression is necessary when exam-
ining the response due to fatigue loading. Dowling et al. 
(1977) noted that it is of critical importance in a strain-based 
fatigue analysis to use the cyclic stress strain curve instead of 
a monotonic relationship. 
The cyclic stress-strain curve is given by 
Kf - K„ K^ (3) 
a la 
(1) 
The first and second terms of Eq. (1) represent the elastic 
and plastic contributions to the total strain, respectively. In 
the context of the strain-based fatigue method, Eq. (1) is 
used to model the material response to the first load applica-
tion. 
After the first load application, the material follows the 
hysteresis stress-strain curve, which is given by 
(2) 
The parameters K' and «', called the cyclic strain hardening 
coefficient and the cyclic strain hardening exponent, respec-
tively, are material properties derived from laboratory tests. 
While the average strain in the smooth areas of a struc-
tural member can be measured with a strain gage, the strain 
in the vicinity of a notch or other discontinuity is not so easily 
measured. Neuber (1961) found that for an edge notch geom-
etry, the theoretical stress concentration factor, K„ is related 
to the stress concentration factor, K^^, and the strain con-
centration factor, K^ by the equation 
The nominal stress .s and the nominal strain e are measured 
outside of the notch strain gradient. If the measured (re-
mote) strain remains elastic, i.e., .s = Ee, Neuber's rule be-
comes 
o-e = (K,e) E (4) 
Note that Eq. (4) is valid only for the first load cycle, where 
the a — e curve is the constitutive relation. In a manner 
similar to the cyclic stress-strain curve, Neuber's rule is 
modified to handle all strain reversals after the first. The 
"hysteresis Neuber's rule" corresponding the hysteresis 
stress-strain curve is 
Ao-Ae= (K,^e)E (5) 
The (possibly inelastic) stresses and strains appearing in 
Eqs. (4) and (5) are related through the cyclic stress-strain 
and hysteresis stress-strain constitutive relationships, Eqs. (1) 
and (2). Because the cyclic stress-strain equations and Neu-
ber's rule provide unique relationships between stress and 
strain, the two equations must be solved simultaneously. This 
is called a notch strain analysis. Of course, if a more accurate 
finite element or experimentally determined notch strain 
calibration is available it should be used in place of the 
Neuber analysis. Globally convergent iterative solutions for 
the Neuber strain analysis can be obtained using Newton's 
method (Baldwin, 1993). 
The rainflow cycle counting procedure given by Downing 
and Socie (1982) has been implemented to convert the com-
puted notch strain history to a series of constant amplitude 
strain cycles for comparison with the strain-life curve. 
The elastic-plastic strain life ie — N) relationship, given by 
(6) 
has been used to model the failure of smooth laboratory 
specimens subjected to cyclic elastic and plastic strain. The 
strain range is that for each closed stress-strain hysteresis 
loop identified by the rainflow cycle counting procedure. The 
number of strain cycles to failure at a given strain range can 
be computed iteratively from Eq. (6) using Newton's method. 
This iteration can also be shown to be globally convergent. 
Miner's linear cumulative damage rule 
^ A = E Ay(Ae) (7) 
is used to compute the damage for a block of strain loading; 
failure is assumed to occur when the damage sum is equal to 
Nomenclature 
b = fatigue strength exponent 
c = fatigue ductility exponent 
D = Miner damage sum 
e = nominal strain 
E = modulus of elasticity 
/ ( • ) = probability density function for 
random variable (•) 
K' = cyclic strain hardening coeffi-
cient 
K^ = strain concentration factor at 
notch 
K^ = stress concentration factor at 
notch 
K, = elastic (theoretical) stress con-
centration factor 
m = Weibull distribution shape pa-
rameter (slope) 
n — number of cycles at a given 
strain range 
«' = cyclic strain hardening expo-
nent 
A^ = number of cycles given by the 
strain-life curve 
Af̂  = Weibull distribution character-
istic life for cycles to failure 
N^ = Weibull distribution minimum 
life for cycles to failure 
P = external load 
s •• 
^ e •• 
^e 
Aa 
reliability function for random 
variable (•) 
nominal stress 
total nominal strain range 
total true strain range 
total true stress range 
true strain 
fatigue ductility coefficient 
cycle ratio 
failure rate function for ran-
dom variable (•) 
standard deviation or true 
stress 
fatigue strength coefficient 
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1.0. In the context of the strain-based analysis, failure is 
assumed to occur at the appearance of a small crack (typi-
cally 2.5 mm [0.1 inch]) (Tucker and Bussa, 1977). If the 
damage sum for a given strain history is less than 1.0, failure 
is predicted after the occurrence of more than one block of 
that history. In such a case, the number of blocks to failure is 
given by 
1.0 
blocks = - — (8) 
Deflnition of the Random Strain-Life Curve 
A probabilistic model of the variation of number of cycles 
to failure at a given strain amplitude about the central 
strain-life curve will now be defined. It has long been known 
that the lives to failure of smooth test specimens can exhibit 
considerable scatter (Corten et al., 1954; Dolan et al, 1949; 
Freudenthal and Gumbel, 1956; Herring and Gadd, 1966; 
Sinclair and Dolan, 1953). Because of its mathematical sim-
plicity, the lognormal distribution has been most widely used 
to model this scatter (Wirsching and Hsieh, 1980; Wirsching, 
1981). In this case, however, the three-parameter Weibull 
distribution will be used to model the scatter observed in 
multiple replication constant amplitude fatigue tests. The 
Weibull distribution was chosen for this analysis for three 
reasons: 
(1) It can be shown to be the asymptotic distribution of 
minima in a population (Gumbel, 1958); it is felt that this is 
an appropriate characteristic for a distribution of fatigue 
lives. 
(2) It produces an increasing failure rate, thought to be 
characteristic of fatigue failures; the lognormal distribution 
exhibits regions having a decreasing failure rate (Gumbel, 
1963). 
(3) An analysis of a fatigue test data base in Japan (Tanaka 
et al., 1987) has provided some initial estimates for the 
parameters of the distribution. 
The probability density and reliability functions for the 




R[Nf{^e)] = exp 
Af - N„, 
(9) 
(10) 
In these equations, Afy(Ae) is the number of cycles to failure 
Â . from Eq. (6). The standard deviation of the Weibull 
distribution is related to the slope, minimum and characteris-
tic lives by the relationship (Bury, 1975) 
a^=(N,-NJ^Ir\l + - Tm + (11) 
An analysis of the Society of Materials Science, Japan 
(JSMS) database of fatigue test data has been performed by 
Tanaka et al. (1987) with the intent of determining quantita-
tively the statistical nature of metal fatigue. Tanaka per-
formed a statistical analysis on 2157 sets of constant ampli-
tude fatigue data on ferrous materials containing over 29,000 
data points. A data set consisted of the fatigue test data for 
nominally identical specimens tested at the same load level. 
For each data set the parameters of a three-parameter 
Weibull distribution were determined and the statistics of the 
parameters were examined. The data showed that the Weibull 
slope m is described approximately by the lognormal distri-
bution with a mean value of between 1.48 (complete tests, 
carbon steel, smooth specimens) and 2.13 (complete tests, 
carbon steel, notched specimens). The slope m was typically 
observed in the range 0.5 - 10.0. The analysis also showed 




was found to lie in a range from 0.075 to 0.20. To date, 
Tanaka's analysis is the only organized analysis of a large 
body of fatigue data with emphasis on determining the distri-
bution parameters. Tanaka et al. did not specify what failure 
criterion was used to terminate the tests whose data they 
analyzed, but they indicate that there were several types of 
test specimen involved including round bars and plates loaded 
in the uniaxial, rotating bending, in plane bending of plate, 
out of plane bending of plate and torsion regimes. 
We now make the following assumptions. First, the pub-
lished data given for the four elastic-plastic strain life param-
eters, ap b, e'j- and c, are based on curve fits representing 
the median values of the data set rather than to the mini-
mum values. The implication of this assumption is that the 
strain-life equation is taken to model median failure behavior 
rather than minimum failure behavior. Second, we assume 
that the Weibull modulus m and the cycle ratio TJ are 
properties of a given material and are approximately constant 
at all values of strain range in Eq. (6). If we denote the 
number of cycles to crack initiation at a given strain ampli-
tude as Nf(Ae) and use the median value assumption, the 
Weibull reliability function becomes 
0.5 = exp (13) 
Combining this relationship with the parameter 17, as defined 
by Eq. (12), provides the relationship between the minimum 
and characteristic lives, the statistical analysis and the strain-
life equation. After some algebraic manipulation, the expres-
sions for the Weibull distribution minimum and characteris-




[-(In0.5)]'^'" + r, 
(1 + v)Nf(Ae) 
[-(ln0.5)r + ^ 
(14) 
(15) 
Equations (14) and (15) give expressions for the minimum life 
and characteristic life of the Weibull distribution in terms of 
the number of cycles to crack initiation at a given strain 
amplitude, Nj-(^e) from Eq. (6), and parameters m and 17, 
assumed to be material constants. Once the distribution and 
material parameters are specified, the distribution of cycles 
to crack initiation at any strain level can be determined using 
Eqs. (9), (14) and (15). As a specific example, Fig. 1 shows 
the median (R = .50), R = 0.90 and R = 0.10 strain-life 
curves for SAE 1010 cold drawn steel (SAE, 1989) WeibuU-
distributed with slope m = 2.0 and 17 = 0.2. 
Some informative results can be derived from this model. 
If the expressions for the minimum and characteristic lives 
are substituted into Eq. (11), the standard deviation of the 
strain-life distribution becomes 
Krrx , Vr( l + ym) - r^(l + 1/m) 
[-(In 0.5)] ' +17 
which indicates that as the strain range decreases and the 
number of cycles to failure increases, the standard deviation 
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R(N) = 0.1 
R(N) .̂  0.5 
R(N) = 0.9 
10* 105 106 
Reversals to Failure, 2Nf 
Fig. 1 Weibufl-distributed strain iife curves 
increases, even though the WeibuU modulus is assumed con-
stant. This is in agreement with experimental observations as 
noted previously. Figure 1 is deceptive in that the distribu-
tion seems too narrow as the number of cycles becomes large 
when in fact, the distribution becomes wider at higher cycles. 
Recall that the horizontal axis plots the logarithm of the 
number of cycles to failure. The width to median ratio, is 
given by 




where R^ and i?2 ^re specified reliabilities (R^ < R2) and 
Af] and N2 ^^e the number of cycles to failure at R^ and R2, 
respectively. It is clear from Eq. (17) that for fixed 17, m, i?, 
and R2, the width ratio is constant regardless of the median 
number of cycles to failure. It is not clear, however, whether 
this broadening of the distribution exhibited by the current 
model is adequate to describe the scatter observed in real 
fatigue data, which also increases at higher numbers of cycles 
to failure. Experimental data will be needed to assess the 
validity of the assumed constant m and 17. 
Reliability Computation-Analysis of SAE Data 
The previous section described a strain-life relationship 
which attempts to model the experimentally-observed scatter 
in fatigue life in data obtained from constant load tests. 
What results is a continuous family of strain-life distributions 
characterized by the shape parameter m of the Weibull 
distribution and the nondimensional number of cycles TJ. Fig. 
1. At any given strain range, Ae, there is a distribution of the 
number of cycles to failure given by a Weibull distribution, 
Eq. (9), with minimum and characteristic parameters given by 
Eqs. (14) and (15), respectively. Likewise, at a specified 
reliability R, a corresponding strain-life curve can be con-
structed. 
One of the primary goals of this research was to establish a 
procedure to estimate the number of strain cycles, from a 
given strain history, that a structure can survive with a given 
probability. Stated another way, we seek N^ corresponding to 
a specified reliability R. At this point it seems reasonable 
that this quantity could be estimated by performing the 
fatigue computations using a strain life curve corresponding 
to reliability R at all strain ranges, e.g., the number of strain 
cycles to crack initiation at R = 0.99 would be determined 
using the strain life curve constructed with R = 0.99. It is not 
at all certain, a priori, that this is a valid procedure. 
In order to determine the validity of using a constant 
reliability strain life curve in life estimates, a simulation study 
was carried out using the load data and the notched compact 
tension specimen used in the SAE fatigue test program 
(Tucker and Bussa, 1977). The SAE transmission load his-
tory, with a maximum load of 15.6 kN [3500 pounds], was 
liOQ 
« u 2000 
!• 











Number of Blocks to Failure 
Simulation 
758-973 
2263 - 2478 







Fig. 2 SAE transmission history simulation resuits; iVIanTen steei, 
3500 ib. maximum load 
converted to notch strains using the expression determined 





where P is given in pounds. Because this relationship ac-
counts for the strain in the notch. A', = 1.0 in the notch 
strain analysis. 
For the given strain history and material the strain-life 
distribution parameters TJ and m were specified. A random 
number distributed uniformly in the interval [0,1] was cre-
ated and represented the reliability R(N) for that case. 
When the strain ranges were used to compute the number of 
cycles to failure, instead of the median value given by Eq. 
(13), the number of cycles to failure given by 
N(R) = N„+ (K-NJ[-(In R)] \/m (19) 
was used. Therefore, instead of using R = 0.5 corresponding 
to the deterministic strain-life relationship, a randomly gen-
erated reliability R was selected and all cycles to failure were 
taken at that point of the distributions of cycles to failure at a 
given strain range. Damage summation was carried out using 
Miner's rule, as before. The simulation was performed for 
10,000 iterations; that is, for a given load history, maximum 
load and material, there were 10,000 analysis cases with 
randomly selected R{N) values defining a strain-life curve 
for each case. 
Figure 2 illustrates the results of one of the simulation 
studies. In this case, the material parameters were m = 2.0 
and 17 = 0.2. This histogram shows the number of times a 
given range of blocks to failure occurred in the 10,000 point 
simulation. The table compares, at a given probability of 
survival (reliability), the number of blocks to failure esti-
mated from the simulation with the number computed using 
the strain life curve corresponding to that reliability. It can 
be seen from the table that the number of blocks to failure 
computed using one pass through the strain history corre-
sponds very closely with the number of blocks estimated from 
the 10,000 pass simulations. In some cases, the one-pass 
estimates are slightly higher than the simulation estimates 
but this effect is considered to be negligible. The same 
procedure has been used to simulate failure populations 
using other load histories, materials and distribution parame-
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Fig. 3 Failure rate estimation 
i) = 0 . 2 . m . 1.5 
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Blocks to Failure 
Fig. 4 Failure rate function—variable m 
ters with substantially the same result: the number of blocks 
to failure at a specified reliability can be estimated using the 
strain life curve corresponding to that reliability as given by 
Eq. (19). 
The ability to estimate the number of blocks to failure at a 
specified reliability using the random strain-life curve and 
only one pass through the strain history is one of the most 
important results of this investigation. Other investigators 
(Avakov and Shomperlen, 1989; Avakov, 1991) have con-
structed probabilistic S-N curves, but, until now, no data has 
been presented to indicate the correspondence between the 
"population" reliability (as given by the simulation) and the 
"component" reliability computed using such a probabilistic 
curve. If a simulation were required to establish the number 
of blocks to failure at a given reliability, the estimate would 
take a great deal more time to perform. The failure rate 
estimate, discussed in the next section, is made significantly 
easier by this result. 
Failure Rate Computation 
It was shown in the previous section that the number of 
cycles to failure corresponding to a specified reliability could 
be estimated by performing the fatigue calculations using a 
strain-life curve established at that reliability. Figure 3 illus-
trates how the failure rate function 
1 = 0.10, m . 2.0 
I) - 0.20, m = 2,0 




at a specified number of cycles can be computed. The failure 
rate is of interest because it represents the conditional failure 
probability. Equation (20) requires an estimate of the reliabil-
ity corresponding to a specified number of cycles, ^(A'). 
Using the technique illustrated above to find N(R\ RiN) 
can be easily estimated using a root finding algorithm. Brent's 
method (1973) was used in this study. If two values of 
reliability, R^ and R2, are chosen equidistant from RiN), 
the numbers of cycles to failure corresponding to these 
reliabilities are Af, and ^2' respectively. The area under the 
probability density function between Â , and N2 is R^ - R2 
and the value of the density function F(N) is approximated 
by 
/(Af ) - / « „ . = 
RiN,)-R(N2) 
and the failure rate function is given by 
R(N,)-RiN2) 
\(N) = R(N)(N2-N,) 
(21) 
(22) 
200 250 300 
Blocks to Foliure 
In practice, good results have been obtained when R^ is 
taken to be 1.01*i? and R2 is taken to be 0.99*7?. 
Fig. 5 Failure rate function—variable rj 
Figures (4) and (5) illustrate how the failure rate function 
behaves for several values of the strain-life distribution pa-
rameters 17 and m. It can be seen from the figures that, as 
expected, the failure rate increases as a function of the 
number of blocks to failure. Comparing Fig. 4 with Fig. 5 
reveals that uncertainty in the shape parameter m of the 
strain-life Weibull distribution can lead to much more uncer-
tainty in the value of the failure rate than does uncertainty in 
the parameter 17. It is also interesting to note that the failure 
rate function for a strain history is approximately the same 
shape as the failure rate function of the parent strain-life 
distribution. That is, if the shape parameter m has a value 
2.0, the fatigue failure rate is linear as is the failure rate 
function of the parent distribution. 
Because the reliability analysis outlined here can give this 
estimate of the failure rate function, it would be suitable for 
inclusion in a discrete time, discrete state Markov chain 
reliability analysis. Such a technique is widely used in the 
analysis of electrical and electronic systems. The failure rate 
could be supplied to the Markov transition matrix in a 
piecewise constant manner allowing a reliability estimate for 
a device consisting of both electrical and mechanical (load 
bearing) components. 
Conclusions 
A new technique for estimating the reliability of a struc-
tural component under variable strain histories has been 
developed. Strain-based fatigue theory, including a Neuber 
notch strain analysis, has been used as the fatigue model; a 
three-parameter Weibull distribution has been constructed to 
model the observed scatter in smooth specimen fatigue data. 
An efficient technique has been presented to allow estimates 
of the fatigue reliability and failure rate of a component 
subjected to highly variable loading. 
The quality of the reliability estimate will be directly 
affected by the accuracy of the fatigue and Weibull models. 
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The strain-based fatigue analysis method has been shown to 
be reasonably accurate in predicting the appearance of a 
small crack in a notched test specimen and the WeibuU 
distribution is known to be reasonably accurate in describing 
the scatter observed in fatigue tests. While the method pre-
sented here has not been validated in practice, we feel that it 
gives a promising basis for further development. Because the 
reliability analysis developed here uses a crack initiation 
model, it could become a pre-processor for a probabilistic 
crack propagation analysis. The two analyses (crack initiation 
and crack propagation) could then be combined to make an 
estimate of the total time to failure of a component. Also, 
because the method can estimate the failure rate function, it 
is compatible with Markov chain system models and could 
serve as the basis for a combined electrical/mechanical relia-
bility analysis. 
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